On an atom with a magnetic quadrupole moment in a rotating frame by Fonseca, I. C. & Bakke, K.
ar
X
iv
:1
70
5.
09
16
1v
1 
 [q
ua
nt-
ph
]  
24
 M
ay
 20
17
On an atom with a magnetic quadrupole moment in a rotating
frame
I. C. Fonseca and K. Bakke∗
Departamento de F´ısica, Universidade Federal da Para´ıba,
Caixa Postal 5008, 58051-900, Joa˜o Pessoa-PB, Brazil.
Abstract
The quantum description of an atom with a magnetic quadrupole moment in the presence of
a uniform effective magnetic field is analysed. The atom is also subject to rotation and a scalar
potential proportional to the inverse of the radial distance. It is shown that the spectrum of energy
is modified, in contrast to the Landau-type levels, and there is a restriction on the possible values
of the cyclotron frequency which stems from the influence of the rotation and scalar potential
proportional to the inverse of the radial distance.
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I. INTRODUCTION
Rotating effects have been attracted interests in the quantum field theory with studies
in Dirac fields [1], scalar fields [2], the Dirac oscillator [3] and the Landau quantization [4].
In classical physics, Landau and Lifshitz [5] showed for a system in a uniformly rotating
frame that the line element of the Minkowski spacetime becomes singular at large distances.
In nonrelativistic quantum systems, in turn, it has been pointed out in Refs. [6–8] that a
contribution to the energy levels stems from the coupling between the angular momentum
and the angular velocity of the rotating frame. Another quantum effect associated with
rotation is the a phase shift that appears in the wave function associated with the coupling
between the spin and the the angular velocity of the rotating frame, which is known as the
Mashhoon effect [9]. Other well-known quantum effects are the Sagnac effect [10–12] and the
Aharonov-Carmi geometric phase [13] which are related to phase shifts in the wave function
of a quantum particle that can be observed in interferometry experiments [6, 7, 14, 15].
Rotating effects have also been observed in the quantum Hall effect [16], spintronics [17–19],
quantum rings [20–22], Bose-Einstein condensation [23] and in the presence of the Kratzer
potential [24].
Recently, we have studied the effects of rotation on a neutral particles system where
a Landau-type quantization [25] stems from the interaction of the magnetic quadrupole
moment of a neutral particle (atom or molecule) with external fields. Studies of quadrupole
moments of atoms and molecules have been made in noncommutative quantum mechanics
[26], in single crystals [27], nuclear quadrupole interactions [29–31], molecules [32–35], atoms
[36, 37] and superposition of chiral states [38]. In this paper, we analyse the effects of
rotation and a static scalar potential proportional to the inverse of the radial distance on
the Landau-type system associated with a neutral particle with a magnetic quadrupole
moment. We show that analytical solutions to the Schro¨dinger equation can be achieved,
where the possible values of the cyclotron frequency related to the Landau quantization for a
neutral particle with a magnetic quadrupole moment are determined by the angular velocity
of the rotating frame, the parameter associated with the static scalar potential proportional
to the inverse of the radial distance and the quantum numbers of the system.
The structure of this paper is: in section II, we make a brief review of the Landau-type
quantization for an atom with magnetic quadrupole moment, and thus, we analyse the effects
of rotation and a scalar potential proportional to the inverse of the radial distance on the
system by searching for bound state solutions; in section III, we present our conclusions.
II. EFFECTS OF ROTATION AND A SCALAR POTENTIAL
Let us start by making a brief review of the quantum description of a neutral particle
(molecule or atom) with a magnetic quadrupole moment in a rotating frame. Let us assume
that the system rotates with a constant angular velocity ~Ω = Ω zˆ (where zˆ is a unit vector in
the z-direction), then, as pointed out in Refs. [22, 39–42], the general form of the Schro¨dinger
equation is given by (with the units ~ = c = 1)
i
∂ψ
∂t
= Hˆ0 ψ − ~Ω · Lˆ ψ, (1)
where Hˆ0 is Hamiltonian operator in the absence of rotation, Lˆ is the angular momentum
operator given by Lˆ = ~r× πˆ. For a nonrelativistic neutral particle (atom or molecule) with
a magnetic quadrupole moment, the Hamiltonian operator is given by Hˆ0 =
pˆi2
2m
− ~M · ~B+V
[25, 43], where m is the mass of the particle, V is a scalar potential and πˆ = pˆ − ~M × ~E.
Note that the fields ~E and ~B are the electric and magnetic fields in the laboratory frame and
the components of the vector ~M are defined by Mi =
∑
j Mij ∂j , where Mij is a symmetric
and a traceless tensor called as the magnetic quadrupole moment tensor [44, 45].
Let us now consider a particular case where the magnetic quadrupole moment has only
two non-null components given by Mρz = Mzρ = M , where M is a constant (M > 0)
and interacts with the electric field ~E = λ ρ
2
2
ρˆ, where λ is a constant associated with a
nonuniform distribution of electric charges inside a non-conductor cylinder, ρ =
√
x2 + y2
is the radial coordinate and ρˆ is a unit vector in the radial direction. As shown in Ref. [61],
this interaction between the magnetic quadrupole moment and the electric field gives rise
to an analogue of the Landau quantization in the sense that the neutral particle is placed
in a region with a uniform effective magnetic field defined as ~Beff = ~∇×
[
~M × ~E
]
= λM zˆ.
Recently, we have analysed the effects of rotation of this Landau-type system [25]. Our
focus in this work is on the effects of a static scalar potential proportional to the inverse
of the radial distance and rotation on an atom with a magnetic quadrupole moment in the
presence of the uniform effective magnetic field ~Beff . It is worth emphasizing that scalar
potentials proportional to the inverse of the radial distance have interests in studies of
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position-dependent mass systems [46–48], molecules [49–51], the Kratzer potential [52–54],
propagation of gravitational waves [55] and quark models [56]. Other interesting studies have
been made in Refs. [57–60]. Thereby, let us consider a scalar potential proportional to the
inverse of the radial distance V (ρ) = ϑ
ρ
, where ϑ is a constant parameter that characterizes
the scalar potential [56]. The Schro¨dinger equation (1) becomes:
i
∂ψ
∂t
= − 1
2m
[
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
1
ρ2
∂2
∂ϕ2
+
∂2
∂z2
]
ψ + i
M λ
m
∂ψ
∂ϕ
+
M2 λ2
2m
ρ2 ψ
(2)
+ iΩ
∂ψ
∂ϕ
+M λΩ ρ2ψ +
ϑ
ρ
ψ.
By writing the wave function in the form ψ (t, ρ, ϕ, z) = Ψ (t) Φ (ϕ) Z (z) F (ρ), then,
we obtain Ψ (t) = e−iEt, Φ (ϕ) = eilϕ, Z (z) = eipz z, where l = 0,±1,±2, . . . and pz is a
constant. Henceforth, we assume that pz = 0 in order to reduce the system to a planar
system. By performing a change of variables given by r =
√
δ ρ, hence, the Schro¨dinger
equation (2) becomes [
d2
dr2
+
1
r
d
dr
− l
2
r2
− r2 − 2mϑ√
δ r
+
Θ
δ
]
F = 0, (3)
where we have defined the parameters in Eq. (3):
δ2 =
m2ω2
4
+m2Ωω;
Θ = 2mE + 2mΩ l +mω l; (4)
ω =
2M λ
m
,
where the parameter ω is the cyclotron frequency of the Landau quantization associated
with an atom with a magnetic quadrupole moment obtained in Ref. [61].
A possible way of writing the solution to Eq. (3) is to consider the radial wave function to
be well-behaved at the origin and vanishes at r →∞. This permit us to write the function
F (r) in terms of an unknown function h (r) as follows [62–65]:
F (r) = e−
r
2
2 r|l| h (r) . (5)
By substituting Eq. (5) into Eq. (3), we obtain the following second order differential
equation:
d2h
dr2
+
[
2 |l|+ 1
r
− 2r
]
dh
dr
+
[
Θ
δ
− 2− 2 |l| − 2mϑ
r
√
δ
]
h = 0; (6)
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thus, the function h (r), which is the solution to Eq. (6), is called in the literature as the
biconfluent Heun function [64]: h (r) = HB
(
2 |l| , 0, Θ
δ
, 4mϑ√
δ
, r
)
. Let us write the solution
to Eq. (6) as a power series expansion around the origin: h (r) =
∑∞
k=0 ck r
k [66]; thus, after
some calculations, we obtain the relation
c1 =
2mϑ√
δ (1 + 2 |l|) c0, (7)
and the recurrence relation:
ck+2 =
2mϑ√
δ (k + 2) (k + 2 + 2 |l|) ck+1 −
Θ
δ
− 2− 2 |l| − 2k
(k + 2) (k + 2 + 2 |l|) ck. (8)
By starting with c0 = 1, then, Eqs. (7) and (8) allow us to obtain other coefficients of
the power series expansion, for instance,
c1 =
2mϑ√
δ (1 + 2 |l|); c2 =
4m2ϑ2
2 δ (2 + 2 |l|) (1 + 2 |l|) −
(
Θ
δ
− 2− 2 |l|)
2 (2 + 2 |l|) . (9)
In search of bound state solutions, we wish to obtain polynomial solutions to Eq. (6),
therefore, we must impose that the biconfluent Heun series becomes a polynomial of degree
n. This happens when
Θ
δ
− 2− 2 |l| = 2n; cn+1 = 0, (10)
where n = 1, 2, 3, . . .. The first condition given in Eq. (10) yields
En, l =
√
ω2
4
+ Ωω [n+ |l|+ 1]− 1
2
ω l − Ω l, (11)
where n is the quantum number related to radial modes, l is the angular momentum quantum
number and the last term of the right-hand side of Eq. (11) is the Page-Werner et al term
[6–8], i.e., the coupling between the angular momentum and the angular velocity of the
rotating frame.
On the other hand, the second condition established in Eq. (10) requires the choice of
a parameter of the system in which some appropriate values of it can be chosen in the
laboratory. For instance, we can select the cyclotron frequency ω defined in Eq. (4), since
the intensity of the electric field can be chosen in the laboratory through the parameter λ
associated with the volume charge density. Therefore, this choice of the cyclotron frequency
shows us that a polynomial solution to the function h (r) is obtained because both conditions
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of Eq. (10) are satisfied. This can be clarified by considering the lowest energy state of the
system n = 1. In the lowest energy state, the condition cn+1 = 0 yields c2 = 0, then, by
using Eq. (9), we obtain that the possible values of the cyclotron frequency associated with
the lowest energy state of the system are
ω1, l = −2Ω± 2Ω
√
1 +
4m2ϑ4
Ω2 (1 + 2 |l|)2 . (12)
Note that the possible values of ω1, l given in Eq. (12) yields δ > 0, and thus the
asymptotic behaviour of the radial wave function when r → ∞ is satisfied. Hence, we
have in Eq. (12) that the possible values of the cyclotron frequency associated with the
lowest energy state of the system that satisfy the condition cn+1 = 0 are determined by the
parameter that characterizes the scalar potential proportional to the inverse of the radial
distance, the angular velocity of the rotating frame and the quantum numbers {n, l} of the
system. Due to this dependence of the quantum numbers of the system, we have labelled
ω = ωn, l in Eq. (12). Further, by substituting (12) into Eq. (11), we have
E1, l = 2mϑ
2 (|l|+ 2)
(1 + 2 |l|) ∓ Ω l
√
1 +
4m2ϑ4
Ω2 (1 + 2 |l|)2 , (13)
which corresponds to the allowed energies for the lowest energy state of the system. More-
over, the radial wave function (5) associated with the lowest energy state is given by
F1, l (r) = e
− r2
2 r|l|
[
1 +
2mϑ√
δ (1 + 2 |l|) r
]
. (14)
For the first excited state (n = 2), the possible values of the angular frequency are:
ω2, l = −2Ω± 2Ω
√
1 +
m2 ϑ4
Ω2 (3 + 4 |l|)2 , (15)
and the allowed energies are given by
E2, l = mϑ
2 (3 + |l|)
(3 + 4 |l|) ∓ Ω l
√
1 +
m2ϑ4
Ω2 (3 + 4 |l|)2 . (16)
Hence, in order to write the energy levels in a general form, let us use ω = ωn, l, and then
En, l =
√
ω2n l
4
+ Ωωn, l [n+ |l|+ 1]− 1
2
ωn, l l − Ω l. (17)
Hence, Eqs. (12), (13) and (17) show us that the spectrum of energy is modified by
comparing with the Landau-type levels [61] due to the influence of rotation and the scalar
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potential proportional to the inverse of the radial distance. In contrast to the results of Ref.
[61], we have a new expression for the energy levels given in Eq. (17), where the lowest
energy state of the system is determined by the quantum number n = 1. The cyclotron
frequency ω = 2Mλ
m
is replaced with an an angular frequency given by ̟ =
√
ω2
4
+ Ωω
which arises from the effects of the rotation [25]. Besides, the Page-Werner et al term [6–8]
is present in the general expression of the energy levels of the system, which corresponds to
the coupling between the angular momentum quantum number l and the angular velocity
Ω. Observe that the possible values of the cyclotron frequency and the energy associated
with the lowest energy state differ from that obtained in Refs. [25, 61, 65]. By taking Ω→ 0
in Eq. (11), we recover the behaviour of the Landau-type system under the influence of a
Coulomb-type interaction discussed in Ref. [65]. By taking ϑ = 0 in Eq. (3), then, we shall
recover the analogue of the Landau levels in the rotating frame [25]. With ϑ = 0 and Ω→ 0,
thus, from in Eq. (3), we recover the analogue of the Landau levels for a neutral particle
with a magnetic quadrupole moment [61].
Finally, in our search for polynomial solutions to the function h (r), we have analysed the
lowest energy state of the system and seen that only some specific values of the cyclotron
frequency ω are allowed, where the possible values are determined by the parameter that
characterizes the scalar potential, the angular velocity of the rotating frame and the quantum
numbers {n, l} of the system. The same analysis can be made for other energy levels, and
thus new expressions for the cyclotron frequency can be obtained.
III. CONCLUSIONS
We have discussed the behaviour of a neutral particle with a magnetic quadrupole moment
in a region with a uniform effective magnetic field under the effects of rotation and a scalar
potential proportional to the inverse of the radial distance. We have seen that rotating effects
changes the angular frequency by comparing with the cyclotron frequency associated with
the analogue of the Landau levels by yielding a new contribution to it. Moreover, rotating
effects have gave rise to the Page-Werner et al term [6–8] in the spectrum of energy of the
system. In the search for polynomial solutions to the radial wave function, we have analysed
the lowest energy state of the system and observed that there exists a restriction on the
possible values of the angular frequency of the system, where these values are determined by
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the angular velocity of the rotating frame, the parameter associated with the scalar potential
proportional to the inverse of the radial distance and the quantum numbers of the system.
An interesting discussion about a a neutral particle with a magnetic quadrupole moment
in a region with a uniform effective magnetic field under the effects of rotation and a scalar
potential proportional to the inverse of the radial distance is in the presence of a disclination
and a screw dislocation. It is well-known that disclinations and dislocations are topological
defects [67–69] and their influence on quantum systems have been reported in the literature
in studies of the Kaluza-Klein theory [70], the Landau quantization [71, 72], the quantum
Hall effect [73], quantum scattering [74–76], spin currents [77], cylindrical shells [78] and
geometric quantum phases [79, 80].
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